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Abstract
Two graphs G and H with the same vertex set V are P4-isomorphic if there exists a per-
mutation  on V such that, for all subsets S V , S induces a chordless path on four vertices
(denoted by P4) in G if and only if (S) induces a P4 in H . This paper gives a classication
of all graphs P4-isomorphic to a tree, respectively, a forest. ? 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction
A graph G is called perfect if, for each induced subgraph H of G, the chromatic
number of H equals the maximum number of pairwise adjacent vertices in H . Perfect
graphs are interesting in an algorithmic point of view: Basic algorithmic problems such
as Colouring, Maximum Clique and Maximum Stable Set, which are hard in general,
can be eciently solved for perfect graphs (for more information on perfect graphs, see
[3,11]). Unfortunately, no ecient recognition algorithm for perfect graphs is known.
Chvatal [9] conjectured and Reed [18] proved that two P4-isomorphic graphs are
both perfect or both are imperfect. Thus, to recognize perfect graphs it is enough to
recognize the P4-structure of perfect graphs: Given a 4-uniform hypergraphH=(V;E).
Is there a perfect graph G=(V; E) such that S 2 E if and only if S induces a P4 in G?
This was done for the case when the perfect graph G is a tree [10,4,5], a block graph
[6], the linegraph of a bipartite graph [19], a split graph [13], or a bipartite graph [2].
Another question arising from Reed’s theorem is the following: Which (perfect)
graphs are P4-isomorphic to a member of a given class of perfect graphs? Let C be a
class of perfect graphs. Graphs P4-isomorphic to a member in C are called C-perfect
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Fig. 1. Containments of graph classes. The upper class properly contains the lower one.
graphs. By Reed’s theorem, C-perfect graphs are perfect. Moreover, they form a class
of graphs which is closed under complementation and contains C as a subclass. Thus,
it is interesting to characterize C-perfect graphs for classical perfect graph classes C
such as triangulated graphs and comparability graphs. This paper will give a description
of forest-perfect graphs and tree-perfect graphs.
Examples of tree-perfect graphs are trees and their complements, and graphs contain-
ing no induced P4 (or cographs). The class of forest-perfect graphs contains all forests
and their complements, all tree-cographs [20], and of course all tree-perfect graphs.
Another subclass of forest-perfect graphs consists of the P4-reducible graphs introduced
and studied by Jamison and Olariu [14,15]. They dened P4-reducible graphs as those
in which every vertex belongs to at most one P4, and proved that if G is P4-reducible
then G or G is disconnected, or there is a P4 P in G such that every vertex outside P is
adjacent to both midpoints of P and nonadjacent to both endpoints of P. By induction,
it follows from this fact that every P4-reducible graph is P4-isomorphic to a forest
consisting of paths Pk with k64 vertices. It will turn out (see the next section) that
forest-perfect graphs are weakly triangulated; these are graphs without induced cycle
of length >5 or the complement of such a cycle. In fact, by a result of Chvatal [9],
even all triangulated-perfect graphs are weakly triangulated. The relationship of graph
classes mentioned above is shown in Fig. 1. Note that a graph with n vertices has
O(n4) P4s, so the results in [10,4,5] imply that tree-perfect graphs can be recognized
eciently. Our classication of tree-perfect graphs will give a more direct and linear
recognition algorithm.
Our notions are quite standard. The neighborhood of the vertex v in a graph G is
denoted by NG(v); if the context is clear, we simply write N (v). The path on m vertices
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v1; v2; : : : ; vm with edges vivi+1 (16i<m) is denoted by Pm = v1v2    vm; v1 and vm
are the endpoints of that path. For convenience, we often identify sets of vertices
of a graph G and the subgraphs induced by these sets in G. Thus, for S V (G), S
denotes also the subgraph G[S] induced by S and S denotes the subgraph G[S] in the
complement G of G induced by S. Finally, graphs containing no induced subgraphs
isomorphic to a given graph H are called H -free graphs.
2. Preliminaries
Clearly, the class of forests is hereditary, the class of trees is not, and every induced
subgraph of a tree is a forest. The same holds when \forests" and \trees" is replaced
by \forest-perfect graphs", respectively, \tree-perfect graphs". To give more analogy
between the terms we need the concept of P4-connectedness introduced by Jamison and
Olariu [16] as a generalization of the connectedness. A graph is called P4-connected (or
p-connected) if, for every partition of its vertex set into two nonempty disjoint parts,
there exists a P4 containing vertices from both parts. It is easy to see that every graph
has a unique partition into maximal induced p-connected subgraphs (called p-connected
components) and vertices belonging to no P4.
By denition, a graph is a forest if and only if each of its connected components
is a tree. The role of the p-connectedness in considering forest-perfect graphs and
tree-perfect graphs is the following.
Proposition 2.1. A graph is forest-perfect if and only if each of its p-connected
components is tree-perfect.
Proof. Let G be a graph, let A1; : : : ; Am be the p-connected components of G, and let
W be the set of vertices belonging to no P4 in G. If G is P4-isomorphic to a forest
F , then clearly Ti=F[Ai] (16i6m) is connected. Hence each Ti is a tree which is of
course P4-isomorphic to Ai (take the restriction of the P4-isomorphism on Ai). For the
\only if"-part, suppose that each Ai is P4-isomorphic to a tree Ti with a P4-isomorphism
i (16i6m). Then the bijection  on V (G) with jAi =i and jW the identity on W
is a P4-isomorphism between G and the forest F =
S
Ti [W .
Dividing a graph into p-connected components can be done in linear time (see
[1]), hence Proposition 2.1 allows us to consider tree-perfect graphs only. To de-
scribe basic properties of tree-perfect graphs which will be used in further discussions
we need the following notions: A set S of vertices of a graph G is called homoge-
neous, if S 6= V (G) and every vertex outside S is adjacent to all vertices in S or
to no vertex in S. A family F of sets has the Helly property if for every subset
F0F of pairwise intersecting members the intersection of all members in F0 is
nonempty.
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Lemma 2.2. Let G be a forest-perfect graph. Then the following properties hold.
(i) The set of all P4’s in G has the Helly property.
(ii) For all P4’s P;Q in G and for all forests F P4-isomorphic to G : the vertex
set P \ Q induces a path in F .
Suppose in addition that G is a tree-perfect graph. Then
(iii) G is P4-free or p-connected.
(iv) Every homogeneous set in G induces a P4-free subgraph of G.
Proof. (i) It is well-known that the set of all subtrees, hence the set of all P4’s in a
forest has the Helly property.
(ii) Consider a forest F P4-isomorphic to G. There are two cases to be considered:
Case 1: P \Q= fu; v; wg. Assume that P \Q is not a path in F , say uv is the only
edge in F[u; v; w]. Then in F , the vertex x of P − fu; v; wg is adjacent to w and to
a vertex in fu; vg, the vertex y of Q − fu; v; wg is adjacent to w and to a vertex in
fu; vg. But then there exists a cycle in F .
Case 2: P \Q= fu; vg. Assume that u; v are nonadjacent in F . Let P= fu; v; x1; x2g,
Q = fu; v; y1; y2g. Then in F , there is a path connecting u; v with inner vertices in
fx1; x2g, and another path connecting u; v with inner vertices in fy1; y2g. Thus F would
have a cycle.
(iii) If a tree has a P4 then it is clearly p-connected and every graph P4-isomorphic
to it is p-connected.
(iv) Let S be a homogeneous set in G. Suppose that S contains an induced P4 P =
uvwx. By (iii) G is p-connected. Considering the partition S and V (G)− S of V (G)
there is a P4 Q = a1a2a3a4 with vertices in both parts. Since S is homogeneous, S \Q
consists of exactly one vertex, say y. Then G[Q − y + ai] (16i64) and P are P4’s
in G, contradicting (i).
Lemma 2.3. Let G be a forest-perfect graph; and let F be a forest P4-isomorphic to
G. If P= v1v2v3v4v5v6 is an induced path in G; then v1v2v3v4v5v6 or v1v2v4v3v5v6 is a
path in F .
Proof. Applying Lemma 2.2(ii) for the P4’s v1v2v3v4, v2v3v4v5 and v3v4v5v6 of G we
get
(a) v3v4 is an edge of T ,
(b) each of fv2; v3; v4g and fv3; v4; v5g induces a path in T .
Since fv2; v3; v4; v5g induces a P4 in T , (a) and (b) imply that this P4 in T is either
v2v3v4v5 or v5v3v4v2. It follows in the rst case that v1v2v3v4v5v6 must be a path in T ,
and in the second case, v6v5v3v4v2v1 must be a path in T .
Lemmas 2.2 and 2.3 yield several forbidden induced subgraphs for forest-perfect
graphs. Below we list two of them for later use.
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Fig. 2. The net (left) and its complement 3-sun (right).
Corollary 2.4. Every forest-perfect graph is (net, 3-sun)-free (see Fig. 2) and weakly
triangulated.
Proof. From Lemma 2.2(i) it follows that forest-perfect graphs are net-free, 3-sun-free,
and Ck -free (56k69). Using Lemma 2.3, it is easy to see that they are Ck -free
(k>10). Now, the corollary follows since the class of forest-perfect graphs is closed
under complementation.
3. The extreme cases
Let G be P4-isomorphic to a tree T . By denition, G and T have the same vertex set
but, in general, not every edge of T is also an edge of G. The extreme case in which
all edges of T are edges of G can be characterized as follows. This characterization
will also be used later.
Theorem 3.1. A graph is P4-isomorphic to one of its spanning trees if and only if it
can be obtained from a tree by replacing the leaves by cographs.
Proof. Assume that G is obtained from a tree by replacing the leaves vi by cographs
Gi. Then the spanning tree T = G −
S
E(Gi) of G is P4-isomorphic to G (take the
identity as a P4-isomorphism). For the \if part", suppose that there is a spanning tree
T of G which is P4-isomorphic to G.
Claim. For all edges xy of G outside T; x and y are leaves of T having a common
neighbor in T .
Proof. Assume that the claim is false. Choose an edge xy 2 E(G) − E(T ) such that
the path P= xv1v2    vmy in T connecting x and y has m as small as possible. Note
that m>1. We are going to show that m = 1. Suppose to the contrary that m>2.
If m=2 then P is a P4 in T , but V (P) does not induce a P4 in G due to the fact that
T is a spanning tree of G and by the choice of xy. If m>3 then by the choice of xy,
v1xyvm is an induced path P4 in G. But v1; x; y; vm induce a 2K2 in T . In any case we
get a contradiction. Thus m = 1, hence v1 is the common neighbor of x and y in T .
By our assumption, x or y is not a leaf of T , say x. Consider a neighbor w 6= v1 of
x in T . Then wxv1y is a P4 in T but w; x; v1; y do not induce a P4 in G because (at
least) the edges wx; xv1; v1y; xy belong to E(G). This contradiction proves the Claim.
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Proof of Theorem 3.1 (Conclusion). For each vertex v of T let S(v) be the set of all
leaves of T having the common neighbor v in T ; of course S(v)\S(v0)=; for v 6= v0.
By the Claim, each S(v) is a homogeneous set in G, and v is the only vertex in G
having neighbours in S(v). By Lemma 2.2(iv), each S(v) induces a cograph. Now, the
theorem follows from the fact that if we contract every homogeneous set S(v) in G to
a single vertex, the resulting graph is a tree.
If G is P4-isomorphic to a tree T such that no edge of T is an edge of G, then T is
a spanning tree of G and P4-isomorphic to G. Hence this case of tree-perfect graphs
is also characterized in Theorem 3.1 by taking the complement graph.
Since nding homogeneous sets and recognizing cographs can be done in linear
time (see [8,17], respectively, [7]), there is a linear time recognition algorithm for the
special case of tree-perfect graphs described in Theorem 3.1.
4. A classication
The \easy part" in classifying tree-perfect graphs is the case when the graphs
have a long induced path with at least six vertices. The following lemma settles this
case.
Lemma 4.1. Let G have an induced path P6. Then G is tree-perfect if and only
if G is obtained from a tree by replacing the leaves by cographs or G is ob-
tained from the graph H1 shown in Fig. 3 by replacing the black vertices by
cographs.
Since the class of tree-perfect graphs is closed under complementation,
Lemma 4.1 also settles the case when G has an induced P6. The dicult part in
classifying tree-perfect graphs is the case when the graphs do not have a long induced
path as well as the complement of such a path. In this case we need some notions
related to split graphs.
Let (v1; : : : ; vn) be a vertex order of a graph G. Then N<i(vi), respectively, N>i(vi),
denotes the set of all neighbors vk of vi with k < i, respectively, k > i. A vertex order
(v1; : : : ; vn) of G is said to be elementary if for all i:
N<i(vi) =
 fv1; v2; : : : ; vi−2g for i odd;
fvi−1g for i even:
The vertices v1 and vn are called the rst, respectively, last vertex of the order. Graphs
having elementary orders are split graphs in which the \odd vertices" v2k+1 form a
clique and the \even vertices" v2k form a stable set.
A graph is said to be elementary if it has an elementary order. If the elementary
graph has at least 4 vertices then its partition into a clique and a stable set is unique
and can be determined using its degree sequence. Thus, as split graphs in general [12],
elementary graphs can be recognized in linear time.
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Fig. 3. The graphs H1 and H2.
Fig. 4. Graphs belonging to C1, C2 and C3, and corresponding P4-isomorphic trees.
Note that all elementary graphs are P4-isomorphic to a tree: If (v1; : : : ; vn) is an
elementary order of G, then G and the path P=v1v2    vn are P4-isomorphic. Moreover,
every graph obtained from G by replacing the rst and last vertices by cographs is
P4-isomorphic to the tree obtained from the path P by replacing the endpoints by stable
sets.
Lemma 4.2. Let G be a (P5; P5)-free graph. Then G is tree-perfect if and only if G
or G is obtained from an elementary graph by replacing the rst and last vertices
by cographs or obtained from a P4 by replacing the midpoints by cographs.
By Lemmas 4.1 and 4.2, and the fact that the class of tree-perfect graphs is closed
under complementation the case remains when the graphs are (P6; P6)-free, but have
an induced P5 or P5. In this case there are three classes of tree-perfect graphs in which
elementary graphs are the underlying structure again. We are going to describe these
classes (see Fig. 4).
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The class C1 consists of all graphs arising from an elementary graph with an el-
ementary order (v1; : : : ; vn) by adding three new vertices p; q; r and edges v1q, pr,
v2p, vip, viq, vir for all odd i> 1, and then by replacing the vertices vn; q; r by
cographs S; Q; R, respectively. The class C2 consists of all graphs arising from an
elementary graph with an elementary order (v1; : : : ; vn) by adding three new ver-
tices p; q; r and edges pq, pr, qr, v1q, v2r, vip, viq, vir for all odd i> 1, and
then by replacing the vertices vn; q; r by cographs S; Q; R, respectively. The class C3
consists of all graphs arising from an elementary graph with an elementary order
(v1; : : : ; vn) by adding three new vertices p; q; r and edges pq, pr, v1r, vip, viq,
vir for all odd i> 1, and then by replacing the vertices vn; q; r by cographs S; Q; R,
respectively.
Graphs belonging to C1, C2 and C3 are tree-perfect. See Fig. 4; in case n = 2,
P4-isomorphic trees for graphs belonging to C1[C2 are obtained from a P4 by replacing
one endpoint by a set of jV (Q)[V (R)j leaves and by replacing the other endpoint by
a set of jV (S)j leaves.
Lemma 4.3. Let G be a (P6; P6)-free graph; and let G have an induced P5 or P5.
Then G is tree-perfect if and only if G or G is obtained from a tree by replacing
the leaves by cographs or is obtained from the graph H1 or H2 shown in Fig. 3 by
replacing the black vertices by cographs or belongs to C1 [ C2 [ C3.
The proofs of Lemmas 4:1{4:3 will be given in the next sections. From the lemmas,
we get the main result of this paper stated in the following theorem.
Theorem 4.4 (A classication of tree-perfect graphs). Tree-perfect graphs are exactly:
1. Graphs arising from a tree by replacing the leaves by cographs.
2. Graphs belonging to C1 [ C2 [ C3.
3. Graphs arising from an elementary graph by replacing the rst and last vertices
by cographs.
4. Graphs arising from H1 or H2 by replacing the black vertices by cographs.
5. The complements of graphs in 1{4.
Tree-perfect graphs can be recognized in linear time using the classication given
in Theorem 4.4 and the facts that
 cographs [7], trees and elementary graphs can be recognized in linear time, and
 homogeneous sets can be found in linear time [8,17].
Forest-perfect graphs can be recognized in linear time by using Proposition 2.1 and
the fact that the p-connected components of a graph can be found in linear time (see
[1]).
Let G and H be two arbitrary graphs with the same vertex set. In all proofs given
in the next sections we shall call an induced P4 in G (in H) bad if its vertices do not
induce a P4 in H (in G). Thus if G and H are P4-isomorphic, there is no bad P4 in
G and no bad P4 in H as well.
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Fig. 5. Graphs arising from H1, H2, and corresponding P4-isomorphic trees.
5. Proof of Lemma 4.1
Suciency: We have seen (cf. Theorem 3.1) that graphs obtained from a tree by
replacing the leaves by cographs are tree-perfect. Let G be a graph obtained from H1
by replacing the black vertices by cographs A1, A2, B, C as shown in Fig. 5(i). Then
G is P4-isomorphic to the tree shown in Fig. 5(ii).
Necessity: Let T be a tree P4-isomorphic to G, and let P= 123456 be an induced
path in G. By Lemma 2.3, 124356 or 123456 is a path in T .
Case 1: 124356 is a path in T . In this case we show that G is of the type shown
in Fig. 5(i).
 1 is a leaf of T . Suppose to the contrary that 1 has a neighbour x 6= 2 in T . Then by
the P4-isomorphism between G and T , x; 1; 2; 4 must induce a P4 in G. This implies
that in G x; 4; 5; 6 or x; 1; 2; 5 or x; 1; 2; 6 induce a P4. By the P4-isomorphism, this
means that x and 5, or x and 6 belong to a common P4 in T which is impossible.
Thus 1 is a leaf of T . By symmetry we get
 6 is a leaf of T .
 The neighbours of 3 in T are 4 and 5. Suppose the contrary, and consider a neighbour
x of 3 in T , x 62 f4; 5g. Then x; 3; 5; 6 induce a P4 in G, implying that x and 3 are
adjacent in G. But then x342 is a bad P4 in T , a contradiction. By symmetry we
get
 the neighbours of 4 in T are 2 and 3.
In a similar manner we can see that
 every neighbour of 2 in T , dierent from 4, is a leaf of T , and
 every neighbour of 5 in T , dierent from 3, is a leaf of T .
Now, the neighbours x of 2 in T , dierent from 4, are partitioned into two disjoint
sets
A1 = fx: x adjacent to 2 in Gg and A2 = fx: x adjacent to 4 in Gg:
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In G all vertices in A1 are nonadjacent to 3, 4, 5 and 6. All vertices in A2 are adjacent
to 5, and nonadjacent to 1, 2, 3 and 6. Similarly, the neighbours y of 5 in T , dierent
from 3, are partitioned into two disjoint sets
B1 = fy: y adjacent to 5 in Gg and B2 = fy: y adjacent to 3 in Gg:
In G all vertices in B1 are nonadjacent to 1, 2, 3 and 4. All vertices in B2 are adjacent
to 2, and nonadjacent to 1, 4, 5 and 6. Moreover, at least one of the sets A2, B2
must be empty (else y34x or 2yx5 is a P4 in G for y 2 B2, x 2 A2; but y and x do
not belong to a common P4 in T .)
Without loss of generality let B2 =;. Now, each of A1, A2 and B1 is a homogeneous
set in G. Hence each of them induces a cograph, and G can be obtained from H1
by replacing the black vertices by the cographs A1; A2; B = B1; C = ;, as shown in
Fig. 5(i). Case 1 is settled.
Case 2: 123456 is a path in T .
We need the following fact
Observation 5.1. Let P=v1v2    vm (m>6) be an arbitrary path in T; such that every
edge of P is also an edge of G. Let x be a vertex outside P adjacent in T to a vertex
v 2 P. Then
(i) xv is also an edge of G; or
(ii) m= 6; v = v2 and in G x is adjacent to v4; v5 and nonadjacent to v1; v2; v3; v6,
or symmetrically
(iii) m=6; v= v5 and in G; x is adjacent to v2; v3 and nonadjacent to v1; v4; v5; v6.
The proof of Observation 5:1 is straightforward and omitted.
Subcase 2.1: There is a vertex x adjacent to 2 in T but nonadjacent to 2 in G.
In this case we shall show that G is of the type shown in Fig. 5(i). First, we have
that
 1 and 6 are leaves of T . Suppose the contrary, and consider a neighbour w of 1 in
T , w 6= 2. Then by Observation 5:1 w1 is also an edge of G. Thus P0=w123456 is
a path in T and every edge of P0 is also an edge of G. Applying Observation 5:1
for P0 and x we get that x2 is also an edge of G, a contradiction. Thus 1, and
similarly, 6 are leaves of T .
Let A1; A2; B1 and B2 as in Case 1. By our hypothesis in this Subcase 2.1, A2 6= ;,
hence B2 = ;. Moreover,
 the neighbours of 3 in T are 2 and 4. If not, let z 2 NT (3)−f2; 4g. By Observation 5:1
z3 is an edge of G showing z34x or 3zx5 is a P4 in G, while in T no P4 contains
z; x; 4 or contains z; x; 5.
Let C = NT (4) − f3; 5g. Then all vertices in C are adjacent in G to 4 (by
Observation 5:1), and are leaves of T (\standard arguments" using A2 6= ;.)
As in Case 1, each of the sets A1; A2; B1 and C is homogeneous in G, hence G is
of the type shown in Fig. 5(i).
A. Brandstadt, V.B. Le /Discrete Applied Mathematics 95 (1999) 141{162 151
Subcase 2.1 is settled. By symmetry we also have settled the case in which there
exists a vertex x adjacent to 5 in T but nonadjacent to 5 in G.
Subcase 2.2: Every vertex adjacent to v 2 f2; 5g in T is also adjacent to v in G.
In this case we shall show that T is a spanning tree of G, and by Theorem 3.1 we are
done. By our assumption for this Subcase 2.2, Observation 5:1(i) holds for the path
P = 123456.
Let xy be an edge of T with x 62 P. We shall prove by induction on the distance
in T between fx; yg and V (P) = f1; 2; 3; 4; 5; 6g that xy 2 E(G). Set q1 = y and let
Q = xq1q2    qk (k>1) be the path in T connecting fx; yg to P with Q \ P = fqkg.
Set qk = i. By induction hypothesis, all edges of the paths
P0 = q1q2    qk−1i(i + 1)    6 and P00 = 12    iqk−1    q2q1
are also edges of G. If i 2 f1; 2g then P0 has at least 6 vertices. If i 2 f5; 6g
then P00 has at least 6 vertices. Thus in case i 2 f1; 2; 5; 6g, xy = xq1 is also an
edge of G by applying Obervation 5:1 for P0, respectively, P00. Assume without loss
of generality that qk = i = 3. If k = 1 then y = q1 2 P hence xy 2 E(G) by applying
Observation 5:1 for P. If k>3 then P0 has at least 6 vertices, hence xy 2 E(G) by
applying Observation 5:1 for P0. Now consider the case k = 2 (q1 = y; q2 = 3). Since
123y and y345 are P4’s in T and y3 2 E(G), 123y and y345 are also P4’s in G.
If x is adjacent to y in G, we are done. If not, x must be adjacent to 2 and 4 in G,
and nonadjacent to 3 and y because xy32 and xy34 are P4’s in T . But then 12x4 or
1x43 is a P4 in G implying that 1 and x must belong to a common P4 in T , which is
impossible. Thus xy must be an edge of G and therefore T is a spanning tree of G as
claimed.
Subcase 2:2 is settled and Lemma 4.1 follows.
If G has an induced P7, then Case 1 cannot occur. By Observation 5:1,
Subcase 2:1 also cannot occur. Thus we have only to discuss Subcase 2:2. Hence
we get the following.
Corollary 5.2. Let G have an induced P7. Then G is tree-perfect if and only if G is
P4-isomorphic to one of its spanning trees.
6. Proof of Lemma 4.2
The suciency was discussed after introducing elementary graphs in Section 4. We
are going to give the proof for the necessity. Let G be a (P5; P5)-free tree-perfect
graph. The proof splits into two parts. The rst part deals with the case when G is
(Q1; Q2; Q1; Q2)-free (see Fig. 6). The second part deals with the case when G or G
contains a Q1 or a Q2 as an induced subgraph.
Part 1: G is (Q1; Q2; Q1; Q2)-free. If G is P4-free, G is obtained from the one-vertex
elementary graph by replacing the vertex by a cograph, and Lemma 4.2 holds trivially.
So we may assume that G has a P4 P= abcd. We shall show that G is this P4.
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Fig. 6. The graphs Q1; Q2 and their complements.
Fig. 7. Labelled Q1 and Q2.
Since G is (Q1; Q2; Q1; Q2)-free, the vertices of G outside P split into three disjoint
sets A; B; C with
 A consists of vertices adjacent to all a; b; c; d.
 B consists of vertices adjacent to b; c and nonadjacent to a; d.
 C consists of vertices adjacent to none of a; b; c; d.
Since G is (net, 3-sun)-free (see Corollary 2.4 and Fig. 2), we have
 every vertex in A is adjacent to every vertex in B,
 no vertex in B is adjacent to a vertex in C.
Since G is p-connected (see Lemma 2.2), there exists a P4 P0 containing vertices of
B and of G − B, provided B 6= ;. Now, the facts above show that
jP0 \ Bj= 1 = jP0 \ Aj; jP0 \ Cj= 2; or jP0 \ Bj= 1 = jP0 \ Cj; jP0 \ Aj= 2:
In the rst case, P0 [ fag induces a Q2; in the second case, P0 [ fbg induces a Q2.
Thus B = ; and hence A = C = ;; otherwise fa; b; c; dg would be a homogeneous set
in G, contradicting Lemma 2.2(iv). Therefore G = P is itself an elementary graph,
completing the proof of Lemma 4.2 for Part 1.
Part 2: G contains a graph in fQ1; Q2; Q1; Q2g as an induced subgraph. By con-
sidering complementation if necessary, we may assume that G contains Q1 or Q2 as
an induced subgraph. Label the vertices of such a Q1, respectively, Q2 in G as in
Fig. 7. Thus in any case, 1234 and 1254 are two P4’s in G. We often make use of the
following \standard argument", which follows from the fact that G is (P5; P5; C5)-free:
Let P be an induced P4 in G, and let v 2 G − P. Then in G,
 if v is adjacent to both endpoints of P, then v is adjacent to all vertices of P,
 if v is adjacent to exactly one endpoint of P, then v is adjacent to at least one
midpoint of P.
Now, let T be a tree P4-isomorphic to G. By Lemma 2.2(ii) the vertices 1, 2, 4 induce
a path in T , and we have two cases in T as shown in Fig. 8.
Case 1 (see Fig. 8). By inspection and using the \standard argument" we get in this
case the following facts. Set A= NT (i)− f3; jg and B= NT (k)− f5; jg.
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Fig. 8. Proof of Lemma 4.2, Part 2. fi; j; kg = f1; 2; 4g.
(6.1) NT (j) = fi; kg:
(6.2) Every vertex in A [ B is a leaf of T . In G every vertex in A [ B is adjacent
to 2 and 4, and nonadjacent to 1.
(6.3) If u is a neighbour of 3 in T , dierent from i, then 35 2 E(G) and
 k = 4; u3 2 E(G); u1; u2; u4; u5 62 E(G) or
 k = 1; u2; u5 2 E(G); u1; u3; u4 62 E(G).
(6.4) If v is a neighbour of 5 in T , dierent from k, then 35 2 E(G) and
 i = 4; v5 2 E(G); v1; v2; v3; v4 62 E(G) or
 i = 1; v2; v3 2 E(G); v1; v4; v5 62 E(G).
(6.5) If 3 is not a leaf of T , then A= ;.
(6.6) If 5 is not a leaf of T , then B= ;.
(6.7) If u is a neighbour of 3 and v is a neighbour of 5 in T , u 6= i and v 6= k, then
j = 2 and uv 62 E(G) and A= B= ;.
Subcase 1.1: 3 and 5 are leaves of T . By (6:1), (6:2) V (G)=V (T )=f1; 2; 3; 4; 5g[
A [ B, and A [ B [ f3; 5g is a homogeneous set in G. Thus G is obtained from the
P4 = 1234 by replacing the midpoint 3 by the cograph A [ B [ f3; 5g.
Subcase 1.2: 3 is not a leaf, 5 is a leaf of T . By (6:5) A=;. There are the following
cases (i; j; k)= (1; 2; 4), (2; 1; 4), (2; 4; 1), (4; 2; 1). Note that in any case, 35 is an edge
in G.
Subcase 1.2.1: (i; j; k) = (1; 2; 4). Let x1x2    xm (m>6) be a path in T with x1 =
5; x2 = 4; x3 = 2; x4 = 1 and x5 = 3. Let H be the subgraph of G induced by x1; : : : ; xm.
Claim 1. For all i we have in H :
N<i(xi) =
 fx1; x2; : : : ; xi−2g for i odd;
fxi−1g for i even:
Proof (By induction on i). Obviously, Claim 1 holds for i65, and by (6:3) for i=6.
Let 66i<m and consider xi+1. We have to show that Claim 1 holds for i + 1. Note
that xi+1xixi−1xi−2 is a P4 in T , hence these vertices induce a P4 in G.
Assume that i + 1 is even. In this case the induction hypothesis guarantees that
xixi−2xi−1 is a P3 in G. Hence we get in G:
xi+1 is nonadjacent to xi−2 and xi+1 is adjacent to exactly one of xi; xi−1:
We shall see that xi+1xi 2 E(G). Suppose the contrary. Then xi+1xi−1 is an edge in G,
implying xi+1xi−4 2 E(G) (else xi+1xi−1xi−2xi−4 would be a bad P4 in G). But then
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xi+1; xi; xi−1; xi−2; xi−4 induce a P5 in G, a contradiction. Thus, xi+1 is adjacent to xi.
Now, xi+1 is nonadjacent to all xk , k odd <i− 2: Otherwise xi+1xkxi−2xi−1 would be
a bad P4 in G. Moreover, xi+1 is nonadjacent to all xk , k even <i − 1: Otherwise
xi+1xkxk−1xi−2 would be a bad P4 in G. Thus Claim 1 is proved in case i+1 is even.
Assume that i+1 is odd. In this case the induction hypothesis guarantees that in G,
xi and xi−1 are adjacent and xi−2 is nonadjacent to both xi, xi−1. Hence we get in G:
xi+1xi−2 2 E(G) and xi+1 is adjacent to exactly one of xi; xi−1:
We shall see that xi+1xi−1 2 E(G). Suppose the contrary. Then xi+1xi is an edge of
G, implying xi+1xi−3 2 E(G) (else xi+1xixi−1xi−3 would be a bad P4 in G.) But then
xi+1; xi; xi−1; xi−2 and xi−3 induce a P5 in G, a contradiction. Thus, xi+1 is adjacent to
xi−1. Now, xi+1 is adjacent to all xk , k even <i − 2: Otherwise xi−2xi+1xi−1xk would
be a bad P4 in G. Moreover, xi+1 is adjacent to all xk , k odd <i − 1: Otherwise
xkxk+1xi+1xk−1 (k 6= 1) or x1xi−1xi+1xi−2 (k=1) would be a bad P4 in G. Thus Claim
1 is proved in case i + 1 is odd.
Claim 2. Every neighbour of xm−1 in T; dierent from xm−2 and xm; is a leaf of T .
Proof. Consider a neighbour u 62 fxm−2; xmg of xm−1 in T and assume that there exists
a vertex v 6= xm−1 adjacent to u in T . Apply Claim 1 for the path x1x2    xm−1x0mxm+1
with x0m = u; xm+1 = v.
Now if m is odd, then in G xm−1 is nonadjacent to xm, x0m, xm+1. But then xm+1x
0
m
xm−1xm is a bad P4 in T . If m is even, then xm−1 is adjacent to xm, x0m, xm+1. But then
xm+1x0mxm−1xm is a bad P4 in T again. In either case we get a contradiction. So u must
be a leaf of T , and Claim 2 is proved.
Now consider the path x1x2    xm (m>6) as above, with xm is a leaf of T . Then
Claims 1 and 2 show that
NT (xi) = fxi−1; xi+1g (2<i<m− 1); and
every vertex in C = NT (xm−1)− fxm−2g is a leaf of T:
Hence V (T ) = fx1; : : : ; xmg [ B [ C, and B; C are homogeneous sets in G. It follows
from Claim 1 that x1; : : : ; xm is an elementary order of H , and G is obtained from H
by replacing x1, xm by the cographs B, respectively, C. Subcase 1:2:1 is settled.
Subcase 1.2.2: (i; j; k)= (2; 1; 4). Let C=NT (3)−f2g. Recall that we have assumed
that C 6= ;, hence A= ;. First we have that
every vertex in C is a leaf of T:
Suppose the contrary, and let u 2 C have a neighbour v in T , v 6= 3. By (6:3) u is
adjacent to 3 and to none in f1; 2; 4; 5g. By the \standard argument" v23u is a P4 in
G. But then either v234 (if vu 62 E(G)) or v43u (if vu 2 E(G)) is a bad P4 in G, a
contradiction.
No vertex in B is adjacent in G to a vertex in C:
A. Brandstadt, V.B. Le /Discrete Applied Mathematics 95 (1999) 141{162 155
Otherwise 12xy would be a bad P4 in G for some adjacent vertices x 2 B; y 2 C.
Every vertex in B is adjacent to 3:
Otherwise x23y would be a bad P4 in G for any x 2 B; y 2 C.
Recall that 35 2 E(G). It follows that B [ f5g and C are homogeneous sets in G.
Let x1=5; x2=4; x3=2; x4=1; x5=3, and let x6 be a vertex in C 6= ;. Then x1; : : : ; x6
is an elementary order of the subgraph H of G induced by the xi’s (16i66). Now
G is obtained from H by replacing the vertices x1 and x6 by the cographs B [ f5g,
respectively, C. Subcase 1:2:2 is settled.
Subcase 1.2.3: (i; j; k) = (2; 4; 1). Let C =NT (3)−f2g. As in Subcase 1.2.2 we can
see here that
 every vertex in C is a leaf of T and adjacent to 2; 5, nonadjacent to 1; 3; 4,
 every vertex in C is adjacent to every vertex in B (else 4x2y would be a bad P4 in
G for some nonadjacent vertices x 2 B; y 2 C), hence
 every vertex in B is adjacent to 3 (else 34xy would be a bad P4 in G for any
x 2 B; y 2 C).
Recall that 35 2 E(G). It follows that B [ f5g and C are homogeneous sets in G.
Let x1 be a vertex in C, and let x2 = 3; x3 = 4; x4 = 2; x5 = 1; x6 = 5. Then x1; : : : ; x6
is an elementary order of the subgraph H of G induced by the xi’s (16i66). Now
G is obtained from H by replacing the vertices x1 and x6 by the cographs B [ f5g,
respectively, C. Subcase 1:2:3 is settled.
Subcase 1.2.4: (i; j; k) = (4; 2; 1). Let x1x2    xm (m>6) be a path in T with x1 =
5; x2 =1; x3 =2; x4 =4 and x5 =3. Let H be the subgraph of G induced by x1; : : : ; xm.
In a similar way as in Subcase 1.2.1 we can prove the following claims:
Claim 3. For all i we have in H:
N<i(xi) =
 fx1; x3; : : : ; xi−2g [ fxi−1g for i odd;
fx1; x3; : : : ; xi−3g for i even:
Claim 4. Every neighbour of xm−1 in T; dierent from xm−2 and xm; is a leaf of T.
If we choose xm to be a leaf of T and then let C = NT (xm−1) − fxm−2g, then we
get from the claims that
 NT (xi) = fxi−1; xi+1g (2<i<m− 1),
 every vertex in C is a leaf of T .
Hence V (T )=fx1; : : : ; xmg[B[C, and B, C are homogeneous sets in G. Set yi=xm−i+1
(16i6m), i.e. (y1; : : : ; ym) is the reverse order of (x1; : : : ; xm). We are going to show
that y1; : : : ; ym is an elementary order of H or of H .
Assume that m is odd. In this case i is odd if and only if m− i + 1 is odd. Hence
for odd i we get in H :
N<i(yi) =N>m−i+1(xm−i+1)
= fxm; xm−1; : : : ; x(m−i+1)+2g (see Claim 3)
= fy1; y2; : : : ; yi−1g:
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Similarly, for even i:
N<i(yi) =N>m−i+1(xm−i+1)
= fx(m−i+1)+1g (see Claim 3)
= fyi−1g:
Thus H is elementary, and G is obtained from H by replacing y1 and ym by the
cographs C, respectively, B.
Assume that m is even. In this case i is odd if and only if m− i+ 1 is even. Then
it is easy to see that the formula for N<i(xi) given in the case odd m above holds in
the complement H of H . That is, y1; : : : ; ym is an elementary order of H , and G is
obtained from H by replacing y1 and ym by the cographs C, respectively, B. Subcase
1.2.4 is settled, hence Subcase 1.2 is completely discussed.
The subcase in which 3 is a leaf but 5 is not a leaf of T can be settled in a similar
manner. We now discuss the last subcase of Case 1.
Subcase 1.3: Both 3 and 5 are not leaves of T. By (6:5){(6:7) we have in this case
A=B= ;, and j=2. There are two subcases (i; k)= (1; 4) and (i; k)= (4; 1). We only
discuss the rst case; the discussion of the second case is similar.
Let i=1; k =4, and let x1x2    xm (m>6) be a path in T with x1 = 5; x2 = 4; x3 =
2; x4 = 1; x5 = 3 and xm is a leaf of T . Let L be the subgraph of G induced by
x1; : : : ; xm. As in Subcase 1.2.1 it can be shown:
Claim 5. For all i we have in L:
N<i(xi) =
 fx1; x2; : : : ; xi−2g for i odd;
fxi−1g for i even:
Moreover; NT (xi) = fxi−1; xi+1g (2<i<m − 1); and every vertex in C = NT (xm−1)
− fxm−2g is a leaf of T.
Let y1y2   yl (‘>6) be the path in T with y1 = 3, y2 = 1, y3 = 2, y4 = 4 and
y5 = 5 and y‘ is a leaf of T . Let R be the subgraph of G induced by y1; : : : ; ym. As
in Subcase 1.2.4 the following claim can be shown to be true.
Claim 6. For all i we have in H:
N<j(yj) =
 fy1; y3; : : : ; yj−2g [ fyj−1g for j odd;
fy1; y3; : : : ; yj−3g for j even:
Moreover; NT (yj) = fyj−1; yj+1g (2<j<‘ − 1); and every vertex in D = NT (y‘−1)
− fx‘−2g is a leaf of T.
It follows from the claims that
V (T ) = fx1; : : : ; xmg [ fy1; : : : ; y‘g [ C [ D:
Claim 7. xi and yj are adjacent in G if and only if i and j are odd; or i> 5 is odd
and j> 5 is even.
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Proof. (a) The statement holds for odd i; j 2 f1; 3; 5g by Claims 5 and 6. Let i; j > 5
be odd and suppose that xi, yj are nonadjacent in G. Then by Claims 5 and 6, 1xi5yj
would be a bad P4 in G.
(b) Suppose that there is an odd i> 5 and an even j> 5 such that xi and yj are
nonadjacent in G. Then 1xi3yj would be a bad P4 in G.
(c) The statement holds for even i; j 2 f2; 4g by Claims 5 and 6. Let i; j>6 be even
and suppose that xi and yj are adjacent in G. Then by Claims 5 and 6, xiyj21 would
be a bad P4 in G.
(d) As in (c), if xiyj is an edge of G for some even i> 5 and some odd j>5, then
xiyj21 would be a bad P4 in G.
By (a){(d), Claim 7 is proved. It follows by Claims 5{7 that C and D are homo-
geneous sets in G. Set
zk =

y‘−k+1 for 16k6‘;
xk−l+5 for ‘ + 16k6‘ + m− 5
and let H be the subgraph of G induced by z1; : : : ; zm+l−5. As in the previous cases it
can be shown that
 if ‘ is odd, then z1; : : : ; zm+‘−5 is an elementary order of H , and G is obtained from
H by replacing z1, zm+‘−5 by the cographs D, respectively, C, and
 if ‘ is even, then z1; : : : ; zm+‘−5 is an elementary order of H , and G is obtained from
H by replacing z1, zm+‘−5 by the cographs D, respectively, C.
Thus, Subcase 1.3 is settled, completing the proof of Lemma 4.2 for Case 1 of Part 2.
Case 2 (see Fig. 8). In this case we may assume that
every neighbour in T of j; dierent from i; is a leaf of T:
Because, if u 2 NT (j)−fig has a neighbour v in T , v 6= j, then by inspection and the
\standard argument" one can see that u; v; i; j and 3 induce a Q1 or Q2 (see Fig. 6) in
G such that the corresponding Case 1 (see Fig. 8) occurs. One can also show that
every neighbour of i in T; dierent from j; is a leaf of T:
Let A=NT (i)−fjg, B=NT (j)−fig. The facts above show that V (T )= fi; jg[A[B.
Furthermore we have in G:
Every vertex in A is adjacent to both 2 and 4; and is nonadjacent to 1:
Subcase 2.1: k = 1. In this case, every vertex in B is adjacent in G to 2 and
nonadjacent to any vertex in A[f3; 4; 5g. Thus A[f3; 5g and B[f1g are homogeneous
sets in G. Let x1 = 3; x2 = 4; x3 = 2 and x4 = 1. Then x1; x2; x3; x4 is an elementary
order of the P4 P = x2x1x3x4 in G, and G is obtained from P by replacing x1 and x4
by the cographs A [ f3; 5g, respectively, B [ f1g.
Subcase 2.2: k = 2. In this case, every vertex in B is adjacent in G to all vertices
in A [ f1; 3; 5g, and nonadjacent to 4. Thus A [ f3; 5g and B [ f2g are homogeneous
sets in G, and G is obtained from the P4 = 1234 by replacing the midpoints 2 and 3
by the cograph B [ f2g, respectively, A [ f3; 5g.
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Fig. 9. Proof of Lemma 4.3: Two possibilities in T .
Subcase 2.3: k=4. In this case, every vertex in B is adjacent in G to all vertices in
A[ f3; 5g, and nonadjacent to 1 and 2. Thus A[ f3; 5g and B[ f4g are homogeneous
sets in G. Let x1 = 4; x2 = 2; x3 = 1 and x4 = 3. Then x1; x2; x3; x4 is an elementary
order of the P4 P= x2x1x3x4 in the complement G of G, and G is obtained from P by
replacing x1 and x4 by cographs.
Case 2 is settled, completing the proof of Lemma 4.2 for Part 2.
7. Proof of Lemma 4.3
Suciency: Fig. 5 shows that graphs obtained from H1 and H2 by replacing the
black vertices by cographs are tree-perfect. Fig. 4 shows that graphs belonging to C1,
C2 and C3 are tree-perfect.
Necessity: Let G be a (P6; P6)-free graphs, and let T be a tree P4-isomorphic to
G. By Lemma 4.2, we can assume that G has an induced P5 or P5. By considering
complementation if necessary, we can further assume that G has an induced P5, labelled
as shown in Fig. 9. By Lemma 2.2(ii) there are two possibilities in T , as shown in
Fig. 9. In the discussions below we shall not give the proofs which would be long but
straightforward and similar to those in the previous section.
Case 1 (see Fig. 9). Let A=NT (1)− fig, B=NT (5)− fkg, X =NT (i)− f1; jg and
Y =NT (k)−f5; jg. Using the P4-isomorphism between G and T , and noting that G is
(P6; P6)-free, we get in this case the following facts:
(7.1) If j 6= 3, then NT (j) = fi; kg.
(7.2) X splits into two disjoint sets
X1 = fx 2 X : x2 2 E(G)g and X2 = fx 2 X : x4 2 E(G)g;
Y splits into two disjoint sets
Y1 = fy 2 Y : y2 2 E(G)g and Y2 = fy 2 Y : y4 2 E(G)g:
No vertex in X1 [ Y1 is adjacent in G to a vertex in X2 [ Y2.
(7.3) If A 6= ;, then
 k = 4; X = ;; Y1 = ;, and
 every vertex in A is a leaf of T , and is adjacent in G to 3 and 4, and
nonadjacent to 1, 2 and 5,
 no vertex in A is adjacent in G to a vertex in Y2.
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(7.4) If B 6= ;, then
 i = 2; Y = ;; X2 = ;, and
 every vertex in B is a leaf of T , and is adjacent in G to 2 and 3, and
nonadjacent to 1, 4 and 5,
 no vertex in B is adjacent in G to a vertex in X1.
(7.5) If (i; j; k) 6= (4; 2; 3), then every vertex in X is a leaf of T .
(7.6) If (i; j; k) 6= (3; 4; 2), then every vertex in Y is a leaf of T .
Subcase 1.1: (i; j; k) = (2; 3; 4). By (7.5), (7.6), X [ Y consists of leaves of T only.
Set C = NT (3)− f2; 4g.
Subcase 1.1.1: A 6= ; or B 6= ;. Then every vertex in C is a leaf of T , hence by
(7.3) and (7.4),
V (T ) = f1; 2; 3; 4; 5g [ A [ B [ C [ X [ Y:
Assume that A 6= ; and B 6= ;. Then X = Y = ;, A; B and C are homogeneous sets in
G, and G is obtained from H2 by replacing the black vertices by the cographs A, B,
C as shown in Fig. 5(iii).
Assume that A 6= ; and B=;. Then X =Y1 =;, A; Y2[f5g and C are homogeneous
sets in G, and G is obtained from H1 by replacing the black vertices by the cographs
A1 = ;, A2 = A, C and B= Y2 [ f5g, as shown in Fig. 5(i). The case A= ; and B 6= ;
is similar.
Subcase 1.1.2: A = B = ;. If C 6= ;, then X2 = Y1 = ; and it can be shown that
every edge of T is also an edge of G (cf. Subcase 2.2 in the proof of Lemma 4.1).
By Theorem 3.1, G is obtained from a tree by replacing the leaves by cographs. If
C = ;, then, X1 [ Y1 [ f1g and X2 [ Y2 [ f5g are homogeneous sets in G, and G is
obtained from the tree P5 by replacing the two endpoints by the cographs X1[Y1[f1g,
respectively, X2 [ Y2 [ f5g. Subcase 1.1 is settled.
Subcase 1.2: (i; j; k) = (4; 3; 2). By (7.3) and (7.4) A = B = ;. By (7.5) and (7.6),
X [Y consists of leaves of T only. Note that every vertex in NT (3)−f2; 4g is adjacent
in G to 1, 2, 4, 5 and nonadjacent to 3.
Consider a maximal path v1v2    vm (m>2) in T with v1 = 2; v2 = 3; v3 6= 4. Set
C = NT (vm−1) − fvm−2; 4g if m>3 and C = fv2g if m = 2. Note that if m>3, then
X2 = Y1 = ;.
Subcase 1.2.1: m= 2. In this case V (T ) = f1; 2; 3; 4; 5g [ X [ Y , and X1 [ Y1 [ f1g,
X2 [Y2 [f5g are homogeneous sets. Thus G is obtained from the tree P5 by replacing
the two endpoints by the cographs X1 [ Y1 [ f1g and X2 [ Y2 [ f5g.
Subcase 1.2.2: m>3. Let H be the subgraph of G induced by the vis. As in the
proof of Lemma 4.2 (Subcase 1.2.1) we can show that,
 in H , N<i(vi) =
 fv1; v2; : : : ; vi−2g for i odd;
fvi−1g for i even:
 NT (vi) = fvi−1; vi+1g (2<i<m− 1).
Hence V (T ) = f1; 4; 5g [ fv1; : : : ; vm−1g [ C [ X1 [ Y2, and X1 [ f1g, Y2 [ f5g, C
are homogeneous sets in G. Thus G is a member of C1 as shown in Fig. 4 with
Q = X1 [ f1g, R= Y2 [ f5g, S = C, and p= 4. Subcase 1.2 is settled.
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Subcase 1.3: (i; j; k) = (3; 2; 4). By (7.1){(7.6) we get in this case
 NT (2) = f3; 4g,
 B= ;,
 X [ Y consists of leaves of T only.
Subcase 1.3.1: A 6= ;. Then by (7.3), X = Y1 = ; and A consists of leaves only.
Hence V (T )= f1; 2; 3; 4; 5g[A[Y2, A and Y2 [f5g are homogeneous sets in G. Thus
G is obtained from H1 by replacing the black vertices as shown in Fig. 5(i) with
A1 = C = ;, A2 = A and B= Y2 [ f5g.
Subcase 1.3.2: A= ;. In this case X1 [ Y1 [f1g and X2 [ Y2 [f5g are homogeneous
sets in G, and G is obtained from the tree P5 by replacing the two endpoints by the
cographs X1 [ Y1 [ f1g, respectively, X2 [ Y2 [ f5g.
Subcase 1.3 is settled.
Subcase 1.4: (i; j; k) = (4; 2; 3).
By (7.1){(7.6) we have in this case
 NT (2) = f3; 4g,
 A= B= ;,
 every vertex of Y is a leaf of T .
If every vertex in X is a leaf of T ; i.e. V (T )=f1; 2; 3; 4; 5g[X [Y , then X1[Y1[f1g
and X2 [ Y2 [ f5g are homogeneous sets in G, and G is obtained from the tree P5 by
replacing the two endpoints by the cographs X1 [Y1 [f1g, respectively, X2 [Y2 [f5g.
Now assume that not every vertex in X is a leaf of T . Then
 there is exactly one vertex x 2 X which is not a leaf of T .
Moreover, if x 2 X is not a leaf of T , then X2 = fxg, x5 62 E(G) and Y1 = ;.
Consider a maximal path v1v2v3    vm in T with v1 = 2, v2 = 4, v3 = x. Note that
m>4 because x is not a leaf of T . Let H be the subgraph in G induced by the vi’s.
As in the proof of Lemma 4.2 (Subcase 1.2) it can be shown that,
 in H , N<i(vi) =
 fvi−1g for i odd;
fv1; v2; : : : ; vi−2g for i even:
 NT (vi) = fvi−1; vi+1g (2<i<m− 1).
Hence V (T ) = f1; 3; 5g [ fv1; : : : ; vm−1g [ X1 [ Y2 [ C with C = NT (vm−1) − fvm−2g.
Now, X1 [ f1g, Y2 [ f5g and C are homogeneous sets in G, and G is a member of
C2 as shown in Fig. 4 with Q = Y2 [ f5g, R= X1 [ f1g, S = C and p= 3.
Subcase 1.4 is settled. The case (i; j; k) = (2; 4; 3) is symmetric to Subcase 1.3, and
the case (i; j; k) = (3; 4; 2) is symmetric to Subcase 1.4. Thus Case 1 is settled.
Case 2 (see Fig. 9). Set A = NT (1) − fig, B = NT (5) − fig, X = NT (i) − f1; 5; jg,
and Y = NT (j)− fig. X splits into two disjoint sets
X1 = fx 2 X : x2 2 E(G)g and X2 = fx 2 X : x4 2 E(G)g:
We have the following facts:
(7.7) Every vertex in Y is adjacent in G to the neighbours of k and nonadjacent to
the nonneighbours of k in f1; 2; 3; 4; 5g n fkg. Every vertex in Y is a leaf of T (else
we would come back to Case 1).
(7.8) Every vertex in X is a leaf of T .
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(7.9) If A 6= ;, then
 (i; j; k) = (2; 4; 3), and every vertex in A is adjacent in G to 2, 3, 4, 5 and
nonadjacent to 1, or
 (i; j; k) = (4; 2; 3), and every vertex in A is adjacent in G to 1, 3, 4 and
nonadjacent to 2, 5. X1 = ;.
(7.10) If B 6= ;, then
 (i; j; k) = (2; 4; 3), and every vertex in B is adjacent in G to 2, 3, 5 and
nonadjacent to 1, 4, or
 (i; j; k) = (4; 2; 3), and every vertex in B is adjacent in G to 1, 2, 3, 4 and
nonadjacent to 5. X2 = ;.
(7.11) Every vertex in A is adjacent in G to every vertex in B.
Subcase 2.1: k 6= 3. By (7.9) and (7.10) A = B = ;. Hence by (7.7) and (7.8)
V (T ) = f1; 2; 3; 4; 5g [ X [ Y . If k = 2, then every vertex in Y is adjacent in G to
every vertex in X1 [ f1g. Now X1 [ f1g, X2 [ f5g and Y [ f2g are homogeneous sets
in G. Hence G belongs to C2 as shown in Fig. 4 with Q = X1 [ f1g, R = X2 [ f5g,
S = Y [ f2g and p=3 (n=2). Similarly, if k =4, then G belongs to C2 as shown in
Fig. 4 with Q = X2 [ f5g, R= X1 [ f1g, S = Y [ f4g and p= 3 (n= 2).
Subcase 2.2: k = 3. We consider only the case (i; j) = (2; 4) (the case (i; j) = (4; 2)
is similar). In this case we have:
 Every vertex in B is a leaf of T .
 If B 6= ;, then every vertex in X is adjacent in G to 2 and nonadjacent to 3, 4, 5.
 If A 6= ;, then every vertex in X is adjacent in G to 4 and nonadjacent to 1, 2, 3.
 Every vertex in Y is adjacent in G to 2, 4 and nonadjacent to 1, 5. Every vertex in
A [ B is adjacent in G to every vertex in Y .
Subcase 2.2.1: X =;. Consider a maximal path v1v2v3    vm in T with v1=4, v2=2,
v3=1. Set C=NT (vm−1)−fvm−2g if m> 3 and C=; if m=3. Let H be the subgraph
of G induced by the vi’s. As in the proof of Lemma 4.2 (Subcase 1.2), we can show
that
 in H , N<i(vi) =
 fvi−1g for i odd;
fv1; v2; : : : ; vi−2g for i even:
 NT (vi) = fvi−1; vi+1g (2<i<m − 1) (in particular, if m> 4 then A = fv4g and if
m= 4 then C = A). Thus V (T ) = f3; 5g [ fv1; : : : ; vm−1g [ B [ C [ Y .
 B, C and Y [ f3g are homogeneous sets in G.
Thus G belongs to C1 as shown in Fig. 4 with Q=B, R= Y [ f3g, S =C and p=5.
Subcase 2.2.2: X 6= ;. In this case A= ; or B= ; (by (7.9) and (7.10)). If A= ;,
then V (T ) = f1; 2; 3; 4; 5g [ B[ X [ Y , and B, X [ f1g, Y [ f3g are homogeneous sets
in G. Thus G belongs to C1 as shown in Fig. 4 with Q=B, R=Y [ f3g, S=X [ f1g
and p= 5 (n= 3).
Assume now that B = ;. Consider a maximal path v1v2v3    vm in T with v1 = 2,
v2=1. Set C=NT (vm−1)−fvm−2g if m> 2 and C=; if m=2. Let H be the subgraph
of G induced by the vi’s. Then we have in this case:
 in H , N<i(vi) =
 fv1; v2; : : : ; vi−2g for i odd;
fvi−1g for i even:
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 NT (vi) = fvi−1; vi+1g (1<i<m − 1) (in particular, if m> 3 then A = fv3g and if
m= 3 then C = A). Thus V (T ) = f3; 4; 5g [ fv1; : : : ; vm−1g [ X [ Y [ C.
 C; X [ f5g and Y [ f3g are homogeneous sets in G.
Thus G belongs to C3 as shown in Fig. 4 with Q= X [ f5g, R= Y [ f3g, S =C and
p= 4.
Case 2 is settled, completing the proof of Lemma 4.3.
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